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Abstract 

 

Level-set-based optimization for two-dimensional structural configurations with thin members 

is presented. A structural domain with thin thickness is defined as a narrow band region on the 

zero-level contour of the level set function. No additional constraints or penalty functional is 

required to enforce semi-uniformity in member thickness. Design velocity is calculated on the 

zero level set, not on domain boundaries, and extended to level set grids in the narrow band. For 

complicated structural layouts, multiple level set functions are employed. The effectiveness of 

the proposed method is verified by solving optimization problems of bar configurations. Since 

no thickness constraints are employed, structurally unfavorable distorted joints seen in other 

literature do not appear in the results. 
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1. Introduction 

 

Structures consisting of thin members are commonly used for the design of lightweight 

structures due to the high stiffness-to-mass ratio. For two-dimensional plane stress problems, 

thin structures such as truss or frame structures are known to be optimum solutions of topology 

optimization for mean compliance minimization problems with a mass constraint (Bendsøe and 

Haber, 1993; Rozvany et al., 1985; Rozvany 1998). Another example of two-dimensional design 

problem of thin members can be found in cross-section optimization of beams. It is well-known 

that thin-walled beams have high stiffness and strength to mass ratios, so optimum beam cross 

sections with maximized stiffness and strength should consist of thin members. The uniform 

thicknesses for truss or frame members as well as those for thin-walled beams may also be 

required for manufacturability.  

 

Shape optimization for thin structures can be efficiently solved using gradient-based 

optimization and the finite element method with structural elements such as beam and shell 

elements. The formulation of optimization for thin structures using structural elements and its 

design sensitivities are mathematically well founded, and has been successfully implemented in 

commercial software. While the use of structural elements enables fast analysis and 

optimization, it often results in a severe mesh distortion especially for large shape change 

problems and necessitates cumbersome remeshing (Yao and Choi 1989; Kim et al., 2003; Jang 

et al., 2004; Ozgun and Kuzuoglu, 2016). Another difficulty of structural element based 

optimization is that the optimum solution is strongly dependent on the shape parameterization; 

the result of optimization changes significantly by using different parameters for B-spline 

curves/surfaces.  

 

The problem of mesh distortion due to a large shape change can be effectively resolved by 

employing Eulerian mesh methods. A fixed grid method uses a regular mesh for a simplified 

fictitious domain which embraces the structural domain being optimized (Garcia and Steven, 

1998; Kim et al., 2000; Jang et al., 2004). By setting the material property of elements in the 

fictitious domain considering the area/volume fraction of the base material, the mesh shape can 

remain unchanged during optimization. While a design update of shape optimization for a 

Lagrangian mesh is required for all nodes in the analysis domain using so-called design velocity 

field (Choi and Chang, 1994), material property or element stiffness is updated only for the 

elements lying on the boundaries in an Eulerian mesh. 
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Sethian and Wingman (2000), Wang et al. (2003) and Allaire et al. (2004) implicitly 

parameterized domain boundaries by zero-level contour of the level set function. By using level 

set values at regular grids as design variables and updating them with a signed distance function, 

the optimum results could have smooth boundaries while design degrees of freedom for shape 

representation was not limited. However, an explicit size control such as enforcing the 

uniformity in thickness for thin structural members is not straight forward for Eulerian mesh 

methods. In Chen et al. (2008) and Luo et al (2008), the thickness of a structure is indirectly 

controlled by incorporating a quadratic surface energy term in the design objective. By 

minimizing the surface energy obtained by integrating the weighted inner product of the 

tangential vectors on two boundary points, a minimum member thickness could be controlled 

above a prescribed value. Yamada et al. (2010) controlled the complexity of structural layout by 

adding the fictitious interface energy in the objective. Their approach is different from 

conventional level set based optimization methods in that they solve a reaction-diffusion 

equation for the update of a level set function. In their research, a uniform size of members 

could be imposed by using an anisotropic regularization parameter. Guo et al. (2014) explicitly 

controlled the size of the minimum and maximum thicknesses by constraining extreme values of 

the level set function on the so-called medial axis. Xia and Shi (2015) defined the member 

thickness as the distance from boundary to the skeleton of a domain, which is calculated using 

center points of internal tangent circles and is constrained for the thickness control. Allaire et al. 

(2013, 2016) and Michailidis (2014) presented various integral criteria and their shape 

derivatives for the control of the member thickness and the minimum distance between 

members. However, the way they defined the member thickness using the signed distance 

function can induce structurally undesirable distorted connections at the joints. To remove the 

distorted joint connections, they regularized the maximum thickness constraint and used 

approximated shape derivative.  

 

Wang et al. (2016) introduced the geometry offset area by moving the domain boundary in the 

normal direction. They also defined the level-set offset area by shifting up the level set function. 

By setting the level-set offset area zero or constraining the geometry offset area less than the 

level-set offset area, the maximum or minimum thickness constraint can be defined as an 

integral form. Offsetting the domain boundary by shifting up the level set function has also been 

considered for topology optimization with uniform thickness members in Liu et al. (2018a, 

2018b, 2015). Wang and Kang (2018) used a single level set function for the optimization of a 

coated structure with uniform coating thickness. They defined a substrate as a domain with 

t   ( : level set function; t : thickness), and defined a coating layer as a domain with 

0 t  . Thus they did not employ any constraints for uniform thickness of the coating 



4 

 

material but utilized the signed distance property of the level set function. Dunning (2018) 

introduced constraint functions to explicitly control the minimum thickness of members or 

voids for implicit function based topology optimization. In this study, filtered values of the 

normalized implicit function were used for the constraint functions. Although this approach uses 

approximate sensitivities to deal with some convergence issues, it can be used for any implicit 

function based topology optimization which can be efficiently solved using nonlinear 

programming methods.  

 

This investigation presents configuration optimization of two-dimensional structures with thin 

members based on the level set method. While conventional level set methods define a 

structural domain as the domain with nonnegative (or nonpositive) level set function, 0   

(or 0  ), the proposed method sets the structural domain as a narrow region along the zero 

level set; the centerlines of the thin members form the zero level set, and the boundaries of the 

structure are defined as the contours of the level set values of 2t . The results of optimization 

have semi-uniform member thickness between t  
and 2t . Therefore, the thin member 

thickness is implemented using the intrinsic property of the level set function as the signed 

distance function, and additional constraints to enforce thin thickness are not required. For 

complicated structural layouts, multiple level set functions are employed. Numerical examples 

are presented to demonstrate the ability of the proposed optimization method for the design of 

thin bar structures.  

 

 

2. Thin thickness domain parameterization using level set functions 

 

Figure 1 illustrates a structural domain   represented by a level set function  . The 

thickness t  of the domain is uniform while the center line is represented by the zero level set, 

0  . Using the signed distance property of a level set function, where the function value at a 

point is given as the distance from the point to the nearest boundary,   can be implicitly 

defined as  

 

0 ,
2 2

t t 
     

 
.                             (1) 
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In the above, 
0  is the zero level set function and    is the bound in boundary normal 

coordinates n  (see Fig. 1). In Eq. (1), t  is given much smaller than the overall length of  , 

so the structural members can be regarded thin such as bars or beams. Note that the uniformness 

and thin thickness of structural members are inherent in the proposed formulation without 

employing additional constraints. In Fig. 1,   denotes the domain in conventional level-set-

based structural optimizations.  

 

The thin member representation of Eq. (1) can be challenging when the layout of a structure is 

not simple. For example, if the thin structure in Fig. 2(a) is to be denoted using Eq. (1), the zero 

level set function should lie on the center line of the structure as in Fig. 2(b). In this case, the 

possible values of the level set function in areas A, B and C are 0   on A, 0   on B and 

0   on C. On 'aa  in Fig. 2(b), the level set function has the V-shaped value as in Fig. 3(a). 

The problem is that the thickness of a member implicitly represented by the V-shaped level set 

function in Fig. 3(a) is discontinuous with respect to the change of the level set value. Figure 3 

shows the change of the member thickness, T, by the movement of the level set function,  , 

on 'aa  of Fig. 2(b) ( 0   for upward movement of the level set function and 0   for 

downward movement.) The thickness of a member is denoted as the thick solid line on n-axis in 

Figs. 3(a-c). Note that the thickness disappears in Fig. 3(b) when the level set function moves up 

because there is no zero value of the level set function; it should be reminded that the structural 

domain is defined as a thin area along the zero-level contour of the level set function in Eq. (1). 

The discontinuity between the thickness of a member and the movement of the level set 
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function is shown in Fig. 3(d). Accordingly, the setting of the level set function in Fig. 2(b) 

leads to instability and should not be used for optimization. 

 

In this investigation, multiple level set functions are employed to deal with complicated shapes 

of thin structures for the proposed thin domain setting. The shape in Fig. 2(a) can be represented 

by using two level set functions in Fig. 2(c). Multiple level set functions have been employed to 

solve multiple material problems in topology optimization (Wang and Wang, 2004; Liu et al., 

2016). In these studies, each level set function represents its associated material property while a 

special care is taken for the intersected area between different level set functions. Multiple level 

set functions can also be used to consider the effect of boundary conditions on the optimization. 

In Xia et al. (2014) and Xia and Shi (2016), two level set functions are employed to optimize 

not only topology of a structure but also shapes and positions of the fixed boundaries. In the 

proposed optimization, however, multiple level set functions are introduced only to handle 

complex layouts of thin members while they are associated with the same material. The domain 

representation in Eq. (1) is modified as 

 

1

N

i

i





    with 
0 ,

2 2
i i

t t 
     

 
,                    (2) 

 

where i  is the uniform thickness domain represented by the level set function i  ( i =1, 2, 

…, N ). The number of design variables increases as optimization introduces multiple level 

set functions. However, it should be noted that level set functions are only updated in the 

narrow band of the zero level set, so an additional expense required to manage multiple level set 

functions should not be significant.  
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The compliance minimization problem is considered in the proposed optimization:  

 

Minimize ( , ) ( ) ( )ijkl ij klF u E u u d  


  ,                    (3a) 

*Subject to ( ) 0G d V


   ,                           (3b) 

 

where u  is the displacement field,   is the strain tensor, E  is the elasticity tensor, and 
*V  

is the upper bound for the volume usage of the material. The proposed optimization method 

employs the Area-fraction weighted Fixed Grid (AFG) method, where the stiffness of a finite 

element intersected with the structural boundary is set proportional to the fraction of the 

element’s area lying inside the structure (Dunning and Kim, 2011). The design domain d  is 

discretized with rectangular finite elements. Level set functions are defined on a regular grid 

which coincides with the nodes of the finite elements. The optimization problem in Eq. (3) can 

be written in a discretized form as 

 

1

Minimize ( , ) ( ) ( )

E

e

N
h e

ijkl ij kl

e

F u E u u d   
 

   ,               (4a) 

*

1

Subject to ( ) 0

E

e

N
h e

e

G d V 
 

    .                      (4b) 

 

In Eq. (4), 
e  is the area fraction of material within element e ( min 1e   ; min 0.001   

in this study), and 
EN  is the total number of elements in the design domain. 
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3. Sensitivity analysis 

 

3.1 Design sensitivity for non-overlapped domain 

In the thin domain setting of Eqs. (1) and (2), it is convenient to describe the sensitivities of the 

objective and constraints in terms of the design change of the zero level set, rather than the 

design change of the domain boundaries. Design velocities are also calculated on the zero level 

set. Due to the thinness of the domain, the design velocities at the points on the domain 

boundaries, 
  and 

  in Fig. 1(a), can be set the same as those at their normal projections 

on 
0 . To derive design velocities on 

0 , shape derivatives with respect to the boundary 

change should be modified in terms of the change of the zero level set.  

 

The derivative of the compliance F  with respect to the shape change   on the boundary is 

given as (Allaire et al., 2004) 

 

'( , ) ( ) ( )ijkl ij kl nF u E u u ds   


    ,                    (5) 

 

where n  is the normal-directional shape change on the boundary, and s  is a coordinate on 

the boundary. Assume that in the present thin domain setting the shape change is given the same 

for all points along the thickness direction. In Fig. 4, the zoomed image of the boxed area in Fig. 

1, for example, the shape change at P
 or P

 is the same as that at P . Using this 

assumption, Eq. (5) can be rewritten as  

 

0 0'( , ) ( ) ( ) ( ) ( )ijkl ij kl n ijkl ij kl nF u E u u ds E u u ds      
 

 

 

            ,     (6) 

 



9  

 

where 
0

n  is the normal-directional shape change on the zero level set. In Eq. (6), 
  and 

  denote the boundaries with 
2

t
   and 

2

t
   , respectively, and s  and s  are their 

corresponding coordinates (see Fig. 4). Note that 
0

n n     is used in Eq. (6) because normal 

directions of 
  and 

0 are set in the opposite directions. In Fig. 4, the angle of the curvature 

can be written as  

 

0

2 2

ds ds ds
d

t tr
r r


 

  

 

,                          (7) 

 

where r  is the radius of the curvature at a point on 
0  denoted as a thick brown line. Using 

Eq. (7), the shape derivative in Eq. (6) can be expressed as a line integration on the zero-level 

set: 

 

0

0 0'( , ) ( ) 1 ( ) 1
2 2

n

t t
F u u u ds      



    
         

    
 .           (8) 

 

In Eq. (8), ( )u  is the density of mean compliance, ( ) ( ) ( )ijkl ij klu E u u   , whose 

superscripts + and – denote its calculating points ( P
 and P

, respectively, in Fig. 4), and   

is the curvature. Using the shape derivative for the volume constraint in Allaire et al. (2004), the 

shape derivative of Eq. (3b) can be similarly derived on the zero level set as 

 

0

0 0'( ) nG t ds  


   .                              (9) 

 

The directions of shape change on the zero level set decreasing the compliance or the volume 

can be obtained as 



1 0  

 

 

0 ( ) 1 ( ) 1
2 2

F

n

t t
u u s        

        
   

,                (10) 

0 G

n t s   ,                                          (11) 

respectively. 

 

3.2 Design sensitivity for overlapped domain 

Figure 5 illustrates an example of an overlapped domain when multiple level set functions are 

employed. The shape derivative in Eq. (6) is modified by simply subtracting the portion in the 

overlapped boundary,  

 

, ,

0 0

1

0 0

1 1

'( , )

,

i i

i j i j

N

n n

i

N N

n n

i j

F u ds ds

ds ds



 

    

   

 

 

   

  

   

   

 
           

  

 
           
 
 

  

  

               (12) 

 

where ,i j  is the boundary of domain i lying within the structural domain j, 

 , |  and i j i jx x x    .  

 

In Eq. (12), 
0

n  minimizing the compliance can be obtained at point P as 

 

( ) 1 ( ) 1
2 2

F t t
s w u w u         

       
   

,                 (13) 

where 

,

,

1  and 

0                 

i i j

i j

P P
w

P

   



 

  
 



  and 
,

,

1  and 

0                 

i i j

i j

P P
w

P

   



 

  
 



.     (14) 
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In Eq. (14), w
 and w

 are parameters indicating whether the point is on the overlapped 

boundary or not. The volume of the domain is minimized by the shape change of 

 

1 1
2 2

G t t
s w w     

       
   

,                       (15) 

 

where the weight parameters are defined the same as in Eq. (14).  

 

The modified sensitivities in Eqs. (13-15) are also valid when three (or more) zero level sets of 

different level set functions overlap or one zero level set is intersected by itself. Because level 

set functions implicitly define the structural domain, it does not matter how many narrow bands 

of the level set functions are overlapped on the structural domain. 

 

The design velocity on the zero level set 
0

nv , which minimizes the compliance and satisfies the 

volume constraint can be found as a linear combination of both directions of the shape change 

in Eqs. (13) and (15), 

 

0 F F G G

nv s s   ,                            (16) 

 

where parameters 
F  and 

G  are determined by solving the sub-optimization problem (see 

Dunning and Kim (2015) for more details.)  

 

 

4. Implementation and numerical issues 

 

4.1 Update of the level set function  

The primary update of the level set function is conducted on the grids near the zero level set, 

which is extended to the update of other grids in the narrow band of the zero level set. Using the 

design velocity in Eq. (16), the level set function is updated by solving a discretized Hamilton-

Jacobi equation (Wang et al., 2003; Allaire et al., 2004), 
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1

,

k k k

p p n p ptv      ,                          (17a) 

with 

( )k k

p p  x , 
0

p x ,                           (17b) 

 

where p is the grid index for neighboring grids of the zero level set, 
px  is the coordinate 

vector of grid p, t is the time for a design change, and k is the discretized time step. The index to 

denote multiple level set functions is not used in Eq. (17) for simplicity. In the discretized 

system, the design velocity in Eq. (16) is calculated on the intersection points between the zero 

level set and grid lines. Therefore, the set of the neighboring grids, 
0  in Eq. (17b), are 

defined as the grids whose distances from the intersection points are less than the grid interval. 

Note that ,n pv  in Eq. (17a), the design velocity at 
0

p x , is approximated using 
0

nv  in Eq. 

(16). A simple weighted average scheme is used in this study; the distances from the grid to the 

nearest intersection points are used as weights. For the level-set function update of the grids 

other than those on 
0  , the equation in Eq. (17a) is also used, for which the design velocity 

should be extended from 
0  to those in the narrow band while the updated level set function 

can remain as the signed distance function. To this end, the fast marching method by 

Adalsteinsson and Sethian (1999) is employed. The grid interval and the time step follow the 

Courant-Friedrichs-Lewy (CFL) condition for stability: 

 

,max n p

h
t

v


  ,                               (18) 
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where h is the grid interval and 0 1  . 

 

4.2. Smoothing sensitivities 

The design velocity in Eq. (16) and sensitivity in Eqs. (13) and (15) are calculated at the 

intersection points of the zero level set and the grid. In Fig. 6, 
kP  ( 1, 2,.., Ik N ; 

IN : 

number of intersection points) denotes the intersection point on the zero level set. In the figure, 

kP
 and 

kP
 are boundary points on 

  and 
 , respectively, associated with 

kP , whose 

coordinates are given as  

 

2
k k k

t  x x n  and 
2

k k k

t  x x n ,                      (19) 

 

where kx , 
k


x  and 

k


x  are coordinates for 

kP , 
kP

 and 
kP

, respectively. In Eq. (19), kn  

is the unit normal vector at 
kP  (see Fig. 6). Following Dunning et al. (2011), the mean 

compliances at 
kP

 and 
kP

 
are interpolated by minimizing the weighted residual with the 

mean compliances at Gauss points of neighboring elements (see Dunning et al. (2011) for more 

details.) 

 

Since the AFG method is employed with low order finite elements, the sensitivity for the mean 

compliance sometimes shows a non-smooth behavior along the intersection points on the zero 

level set, which can slow down a stable convergence and result in oscillatory boundaries. To 
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reduce this, the oscillating component of the sensitivity is filtered out using the checkerboard 

suppression technique in Sigmund (2001): 

 

,

1

,

1

ˆ

I

I

N
F

k f f

fF

k N

k f

f

d s

s

d











 with , minmax(0, )k f k fd R  x x ,                (20) 

  

where 
F

ks  denotes the sensitivity of the mean compliance at the intersection point k. In case 

multiple level set functions are employed in optimization, the oscillation suppression in Eq. (20) 

is separately performed for each level set function. Figure 7 shows the filtered sensitivities of 

the mean compliance for the half circular clamped structure under a central load (see Fig. 10(a)). 

Note in the figure that the oscillation of the sensitivity can be effectively filtered out by using 

Eq. (20). 

 

4.3 Curvature calculation 

The local curvature in Eqs. (13) and (15) is given as       n , which can 

be calculated using the central difference method as 

 

 
 1, , 1 , 1, , 1

,
2 2 2 2

1, 1, , 1 , 1 1, 1, , 1 , 1

2 4

2 2

r s r s r s r s r s

r s

r s r s r s r s r s r s r s r sh

    


       

   

       

   
 

    
,           (21) 

 

where r and s are grid indices for x and y directions, respectively. Since Eq. (21) is calculated at 

the grid points, the curvatures at intersections on the zero level set are approximated using those 

on neighboring grids employing the same weighted average scheme for the design velocity. 
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However, the accuracy of the curvature using the central difference method is not high 

especially when the level set function is reinitialized for the signed distance function, and this 

may lead to violating the volume constraint.  

 

In order to ensure that the sensitivity for volume constraint is computed accurately, a local 

curvature at an intersection is calculated considering its associated local volume. In Fig. 8, 
0

kl  

is the length of the linearized segment associated with the intersection kP , and 
kl


 and 
kl


 are 

those associated with 
kP

 and 
kP

, respectively. Using  2k k kl r t     and 

 2k k kl r t     ( kr is the radius of curvature at kP  and k  
is the angle at the curvature 

center), the curvature 1k kr   is obtained as 

 

0

k k
k

k

l l

tl


 
 .                                (22) 

 

Figure 9 shows the curvatures of a circle with various radii calculated using the central 

difference method in Eq. (21) and the proposed scheme in Eq. (22). In Fig. 9, the curvatures are 

calculated using the level set function after reinitializing the signed distance function. The result 

by the point perturbation method in Hedges et al. (2017) is also plotted in the figure. Although 

the curvature by Eq. (22) gives higher accuracy than those by the other approaches, it still 

shows an oscillation due to the reinitialization. To resolve this, the curvature obtained using Eq. 

(22) is filtered using Eq. (20), whose result shows the smallest variation in Fig. 9(b). 

 

4.4 Domain overlapping 
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When domains overlap, the sensitivities at the points lying within the overlapped area may be 

discontinuous with respect to the shape change. For example, the sensitivity associated with 

kP
 in Fig. 5 abruptly vanishes when the domains become overlapping (z in the figure becomes 

less than 2t .) This discontinuity in the sensitivity by a domain overlap causes delays in 

convergence. A smooth convergence can be achieved by modifying the weight parameters in Eq. 

(13) as  

 

1
max 0, ( )

2
k

t
w b

b
   

    
  

x ,                      (23) 

 

where   is the level set function with which the boundary point 
kP

 overlaps ( 2 
 
in Fig. 

5 and ( )k z  x  in the figure due to the signed distance property of  .) The weight 

parameter for 
kP

 is similarly given. In Eq. (23), b  is the width of the intermediate region.  

 

 

5. Optimization examples 

 

5.1 A clamped structure with single level set function 

A semicircular thin structure modeled using a single level set function is illustrated in Fig. 10(a). 

The left end of the structure is fixed on the wall while the center on the right is given a 

downward force 0.005P  . Material properties are set as 1E   and 0.3   for simplicity. 

The design domain is discretized using 100 200  and 200 400  unit-sized square elements, 

and the thickness of the structure is given as 4t  . The update is performed only for grids 

within the narrowband of the zero level set, which is set as band 2w t  for all examples in this 

section. The fast marching method for extending the design velocity and reinitializing the signed 

distance function is also applied only for the grids within the narrowband. During the update, 

the move limit of the level set function is set as the half of the element size. The volume fraction 

of the structure is constrained below 0.05 for 100 200  mesh, and 0.025 for 200 400  
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mesh. For the approximation of mean compliance in Fig. 6, r t
 
is used for the effective 

radius. The movement of the boundary near the point under force is restrained by imposing zero 

design velocities; an intersection point kP
 
is enforced to have zero design velocity if the 

distance from the point to the force is less than the thickness.  

 

Figures 10(b) and (c) show the optimum results of the thin clamped structure for 100 200  

mesh and 200 400  mesh, respectively. The filtering radius minR  in Eq. (20) is set as 5. 

Figure 11 shows the convergence of optimization using different values of minR . Note that the 

larger minR  results in the smoother sensitivities, which can lead to a faster convergence. 

However, it was observed that a lower objective function value may be reached by a smaller 

minR . For example, the objective of the optimum solution, 
*F with min 10R 

 
is 

31.584 10
 

while 
*F  with min 5R 

 
is 

31.020 10 . Therefore, the continuation approach is employed 

in this investigation; minR  10 (or 20 for large domains such as in Fig. 10(c)) in the beginning 

of optimization, which slowly decreases to min 5R 
 
as optimization proceeds. 

 

5.2 Structures with multiple level set functions 

A clamped structure in Fig. 12(a) represents a more complex layout than that in Fig. 10(a), for 

which two level set functions are employed. The design domain is discretized with 150 200 , 

the thickness of the structure is given as 4t  , and the volume fraction is constrained below 

0.075. For the domain where two level set functions overlap, the width of the intermediate 

region, b in Eq. (23), is set as the half of the move limit.  

 

Figures 12(b) illustrates the optimized thin structure. Note that the contours are almost identical 

in the overlapped region. The convergence of optimization is shown in Fig. 13. Because the 

present optimization finds a local minimum solution, a care must be taken for setting the initial 

design layout. For example, if the left side of 2  is not fixed in Fig. 12(a), the optimized 

structure in Fig. 12(b) may end up with less stiffness having two fixed members instead of four.  

 

Figure 14(a) is the optimization problem of a fixed-fixed structure. Due to the symmetry, only 

half of the structure is solved. The optimization results and convergence plots are given in Figs. 

14(b-c). In the problems of Figs. 15(a) and 16(a), non-design members are used. If an 

intersection on the zero level set is close to the non-design member, its sensitivity should be 

modified similar to the case of an overlapping domain; the weight w
 or w

 in Eq. (13) 

should be set zero if 
kP

 or 
kP

 lies in the non-design area. The optimized level set functions 
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in Figs. 15(b) and 16(b) have almost identical zero level sets in the overlapping areas (the 

diagonal member in Fig. 15(b) and the members connecting upper and lower frames in Fig. 16(b) 

are overlapped.) A stable convergence can be observed in Figs. 15(c) and 16(c). Since the 

thickness control is not enforced via constraints, thin members in Fig. 12 and Figs. 14-16 are 

naturally connected at the joints without distorted shapes reported in Allaire et al. (2013, 2016) 

and Michailidis (2014). 

 

The uniform thickness of the member size is possible only if the zero level sets are perfectly 

overlapped, which is not guaranteed in the proposed formulation. In the present optimization 

with thin thickness members, however, it should be noted that the structural configuration is 

optimized such that the axial stiffness of thin members rather than bending stiffness is 

efficiently utilized for minimum mean compliance. Accordingly, truss-like structures sustaining 

external loads by axial stiffness of members are preferable, so partial overlapping between thin 

members for enlarging bending stiffness does not arise very often. This can be shown in the 

results in Figs. 14(b), 15(b) and 16(b) where thin members are perfectly overlapped. 

Nonetheless, partial overlapping might appear in short members (see the members in the 

overlapped regions in Fig. 12(b).) 

 

6. Conclusions 

 

A new level set based configuration optimization formulation is proposed to optimize two-

dimensional thin structures with a constant thickness. By defining the structural domain as a 

narrow region on the zero level set, thin members with semi-uniform thickness can be obtained 

without employing additional constraints or a penalty functional. Due to the thin thickness, the 

design velocity can be easily calculated on the zero level set and extended to the grid points on 

the narrow band using the fast march method. As the accuracy of the curvature calculation was 

important not only for the shape derivatives but also for a stable convergence of optimization, 

an efficient sensitivity computation procedure utilizing the thin thickness and the uniformity of 

thickness is proposed. It is noted that the signed distance reinitialization of the level set function 

can deteriorate the accuracy of the curvature. In order to address this, the oscillation component 

of the curvature is reduced by using the filtering technique commonly used in topology 

optimization. The proposed optimization is successfully applied to a number of bar structure 

design problems. In order to ensure uniform member thickness, zero level sets should be 

constrained to be perfectly overlapped when their narrow bands are overlapped, which will 

require continuing studies. In addition, further numerical investigations are needed to study a 

large number of initial holes (or initial members) such as in the ground structure based method 
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of topology optimization. By extending the proposed optimization method to three-dimensional 

problems, shape optimization enabling large shape changes in thin shell structures may be 

studied.  
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Figures 

 

 

 

Fig. 1 Representation of a thin domain   using the zero level contour 0  in the embracing 

design domain d  

 

    

(a)                         (b)                       (c) 

Fig. 2 Representation of a thin structure using (b) a single level set function and (c) two level set 

functions (areas A, B and C do not overlap the thin domain  .)  
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Fig. 3 Discontinuity of the thickness with respect to the shift of the V-shaped level set function 

on 'aa  of Fig. 2(b): (a) 0  , T t  ( : upward movement; T : thickness of the 

member), (b) 0  , 0T   (c) 0  , T t  and (d) the graph showing discontinuous T  

by continuous change of    
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Fig.4 Shape change on the zero level set 

 

 

 

Fig. 5 Consideration of domain overlapping (shape change of the overlapped boundaries should 

have zero shape derivatives.) 
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Fig. 6 Smoothening mean compliance on the boundary using least square method 
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Fig. 7 Smoothening sensitivities for mean compliance using Eq. (20) for the structure in Fig. 

10(a) (s coordinate starts at the lower edge, and the structure is discretized with 100 200  

unit-sized square elements.)  
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Fig. 8 Curvature calculation at kP  considering the length difference between 
kl


 and 
kl


  

 

 

(a)                                 (b) 

 

Fig. 9 Curvatures of a circle with varying radius calculated using the central difference method 

in Eq. (21), the point perturbation method in Hedges et al. (2017) and the proposed scheme in 

Eq. (22): (a) mean curvatures and (b) standard deviations ( 201 201  grids with 1h   are 

used.) 
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                   (a)                      (b)                    (c) 

 

Fig. 10 A clamped structure problem using a single level set function: (a) an initial design (the 

center line denotes the zero level contour.), and optimized results using (b) 100 200  mesh 

and (c) 200 400  mesh ( 4t  , band 2w t ) 
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Fig. 11 Convergence of the objective and volume constraint for the clamped structure problem 

in Fig. 10(a) with different min 'sR : (a) min 0.001R   (no filtering; 
* 31.030 10F   ), (b) 

min 3R   (
* 31.022 10F   ), (c) min 5R   (

* 31.020 10F   ) and (d) min 10R   

(
* 31.584 10F   ) 
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(a)                              (b) 

 

Fig. 12 A fixed-free structure problem using two level set functions: (a) an initial design 

( 0.5P  ), and (b) the optimized result (150 200  mesh, 4t  , band 4w  ) 

 

 

Fig. 13 Convergence of (a) the objective and (b) the volume constraint for the problem in Fig. 

12 
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(a) 

  

(b) 

 

(c) 

 

Fig. 14 A fixed-fixed structure problem using two level set functions: (a) an initial design, (b) 

an optimized result ( 200 240  mesh, 4t  , band 4w  ), (c), and (c) convergence plots 
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(a) 

 

(b) 

 

(c) 

Fig. 15 A clamped structure problem using two level set functions: (a) an initial design, (b) an 

optimized result (300 240  mesh, 4t  , band 4w  ), and (c) convergence plots 
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(a) 

 

(b) 

 

(c) 

Fig. 16 A simply supported structure under a central force: (a) an initial design, (b) an optimized 

result ( 200 120  mesh, 4t  , band 4w  ), and (c) convergence plots 


